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A REMARK ABOUT ENERGY DECAY OF A
THERMOELASTICITY PROBLEM

V.K. KALANTAROV', M. MEYVACT?

ABSTRACT. Under some restrictions on the parameters of the system we prove that solutions of
the initial boundary value problem for the one dimensional porous - thermo - elasticity system
of equations under consideration tend to zero as t — oo with an exponential rate.
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1. INTRODUCTION
We study the following initial boundary value problem:
PUt = gy + by — B, 2 € (0,7),t > 0,
Jou = 0bpy — buy — EP+mb — 7,z € (0,7),t > 0,
by = kOrpy — Puyy — maey,x € (0,7),t >0,
u(0,t) = u(m, t) = ¢(0,t) = ¢g(m,t) = 6(0,t) = O(m,t) =0,t > 0,

~—~ ~~ —~
w N
— ~— ~— ~—

u(z,0) = ug(z), ut(x,0) = uy(x),

&(x,0) = ¢o(z), pe(x,0) = ¢p1(x),0(x,0) = Op(x),z € (0, 7). (5)

Here p, u,b,3,J,0,&, m, T, c, k are given positive numbers, ug(z), ui(x), ¢o(z), ¢1(x), and Oy(x)
are given initial functions, u(z,t), ¢(z,t) and 6(x,t) are unknown functions that represent the
displacement of the solid material, the volume fraction and the temperature, respectively. The
problem of exponential decay of solutions to the system of equations (1)-(3) was considered in
the following papers:

e Cassas and Quintanilla [1] established exponential stability of solutions to the initial
boundary value problem for the system of equations (1)-(3) under the boundary condi-
tions

w(0,t) = u(m,t) = ¢(0,t) = ¢z(m,t) = 0,(0,t) = 0,(m,t) =0,t >0 (6)

by using the semigroup approach of Liu and Zheng [2].

e By using the energy method Rivera and Quintanilla [4] proved exponential stability of
solutions to the system (1)-(3) under the boundary conditions (6) when 7 = 0,b% < &pu
and m(8b — mu) > 0.
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e Soufyane, Afilal, Aouam and Chacha [5] obtained a result about exponential decay of
solutions of the system (1)-(3) with 7 = 0 under the boundary conditions

w(0,8) = $(0,1) = 0(0,¢) = O(r,T) = 0,

¢
/gl (t — s)[pug(m, s) + bo(m, s)]ds,
0

t

b(m, ) = — / ot — $)ads(m, 5)ds.
0
In what follows we will use the following lemma established in [3]:

Lemma 1.1. Let v be the solution of the inhomogeneous scalar wave equation
U — Vge = fz,t), 0<z<m, 0<t<T, (7)
v(2,0) = vo(x), ve(x,0) =v1(x),v(0,t) = v(m,t) =0, (8)

where Q = (0, 7). The functions vy, v1 and f belong to H (Q)NH?(QQ), H () and H*(0,T; L*(2))
respectively. Then, the identity

1 d T 1 T
Zﬂ[vi(mt) + 03(0,t)] = (@ = v ve) + 5[Hv§\| + 1971l = (= - 5)frva) (9)
holds.

2. ENERGY DECAY OF SOLUTIONS

Theorem 2.1. Let {u, $,0} be a solution of the problem (1)-(5), 2b> < pé& and b3 > 8um ,then
there exists positive constant A such that

E(t) < Cexp(=At)E(0),

Proof. First we derive the energy equality for solutions of the problem. Multiplying in L?(0, )
the equation (1) by wuy, the equation (2) by ¢y, the equation (3) by 6 and adding the obtained
relations we get:

d
ZB(t) = =7l [* = K161, (10)

where
1
Ei(t) = 5 [plluel? + pllug| * + Jlleel|* + 6llgl + €lll1* + el + 2b(¢, ue)] . (11)

Let us differentiate the equations (1)-(3) with respect to t, multiply in L?(0,7) the obtained
equations by us, ¢y, 0¢ respectively and sum the obtained equalities

d
S P2(t) = —7ll el — Kl0ae||*. (12)

Here
1
Es(t) = 5[/)Huﬁ||2 + pluae| P + Tl deel|? + 6l datl I” + Elldel I* + cll6:]]* + 2b(¢, uar)].  (13)

Multiplication in L?(0,7) of (1) by —ugat, (2) by —¢uat and (3) by —0,., gives
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d
() = — 71| Gat || — Kl |0az |+
+ B0z (m, g (m, 1) — 02(0,8)uqe(0,8)] + m[bz(m, ¢)gu(m, 1) — 0(0,¢) (0, 1)),
where

1
E3(t) = §[p|’umt|’2 =+ /’I’HU’IZ‘”2 =+ J|’¢xtH2 + 6H¢x$H2 + £H¢$H2 + CHHLBHQ + 2b(¢x7ux$)] (14)

Employing the Lemma 1.1 with v = u; and f = b¢,: — £0,¢, we obtain

d T
2ol (x = 3 )ar) = =Sl = Gl P+
™ ™ ™
+ B2, ) 4+ u2,(0,1)) + b{(@ = 2)ttats Gat) = B0t (@ = T)uar), (15)
where
s
H(t) = —plug, (& = 5)tar). (16)

Next we multiply the equation (1) by —u,, and integrate over (0, 7)
—(Putt, u:p:v) = _MHU:L":EH2 - b(¢x7 u:m:) + ﬁ(em ux:r)

Thus,

d

%K(t) = pHuthz - N|’um|’2 — b(be, Uzz) + B(Or, Uzz), (17)

where

K(t) = p(ug, ugt). (18)

Multiply (3) by u,; and integrating over (0,7), we get
(Cet + m¢t; ua:t) = (k0x$7 u:vt) - ﬁ”uthQ

So
d
%P(t) = —(cOz + me, unt) — Bl|uar|* + k(Opas tar), (19)

where
P(t) = (cf + mo, ug). (20)
Multiplying (2) by ¢ and integrating over (0, 7)we obtain

T (e, @) = =0l l® = blua, @) — EllSII* +m(0, ¢) = T(¢1, 9).

So
d

1= TNell* = 8l|¢l® — blua, @) — El|I* +m(8, 9), (21)

where

1(t) = J(9,60) + 161 (22)
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Multiplying (1) by u and integrating over (0, 7) we obtain

P(utta u) = _MHU:EHQ - b(¢7u:r) + 6(9, u:v)

So
d

L) = plluel | = plluz||* = b(d, ua) + B0, uz), (23)

where
L(t) = plur,u). (24)

Let us consider the function

E(t) == ) +vEs(t) +nE3(t) + el (t) + e1 P(t) + e2H (t) + e3 K (t) + es L(t) =

En(t

Z[M\WHQ + pllual* + TNl * + 0l éol* + €l + cll6]]” + 20(d, ua)]+
+5 [pl\uz:t!|2 + pllae[* + TNl + 0l bl [ + Elldel* + cllel|* + 2b(r, uat)]+
L
§[pHuth2 + lltao|* + Tl datl|* + 8116wzl + Elldall* + cllba]]* + 2b(¢z, tas )]+

T Yutae)]+

+ L6, 00) + ZNGIP] + al(ch +mo, ure)] + 2| plus (2 —
+ €3]p(us, uzt)] + ealp(u, ur)].  (25)
It is not difficult to see that

d

ZE® =[=7lleill* = kl10:]17] = vIrllowl® + k10ul*] + nl=7l|Gul |* = Fll6za]*+
+ B(0s uat) I +m(0a; ¢1)[5] + col Il [* = 8ll6al[* — b(¢, uw) —E[II1* + m(6, §)]+
—— ———

+ €1[k Oz, Uzt) — B |ut]|* — (s + My, ust)]+
b

o ealDueel P + Slluael 2 = B (a2, 8) + 02, (0,6)) = bl( = 3t but) + BlBats (¢ = 3 uat)]+
+ ealpllatl = o = b6 ta) + BB taa)] + ealpllun] = il = (&, ) + B0, 0.,

c d

Due to Cauchy inequality and the Poincare inequality we get the estimates

& m2d k?
a=m(0,¢) < 1H¢H2 0||9 17,6 = k(Oaa, ) < IIUmt|!2+ ﬁ\leml\Q
_ 2, 7 2 5 H 2 572 2
¢ = b(¢z, Ugs) < 4HumH H¢ch yd = B0z, uzs) < 4HumH + " |60z]]
b2 19
e=b(¢,u) < Elluzll2+11|¢|12-
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Thus
d
ZB(t) < y[=7l10]1? = kl16] ) = virligul® + kllfzel?] + nl=rlidatl|* = bll6as|+
T n 2 2 2y 2y me
¥ 862, uz)[§ + mBer 051 + ol Tl — 3llge” — Sl f|| el ? + 216+
k2 m m
+ 51[%”‘91‘90”2 - gllumlﬁ —(c+ %)(Hx,utt) + %(um,utt) - L|\utty|2]+
s s
+ ol llual 1 + Sluwatl * = 57 w2y, 8) + 02(0,8) = b(@ = 5 )ttt 60t) + B0, (= 3 )uwat)+

U b2 2
+ e3lplual” — §Humll2 + EH%II2 + ZIIMW +ealpllud |* = pllug]|* = b(¢, uz) + 56, us)].

Here we have used the equality

m m m
(el e, ) = —(e+ ) O )+ T e ) — 2 |
that follows from (1). So we have
d
ZB(t) < y[=7l14]1? = kl16] ) = virlgul® + kllfzel?] + nl=rlidatl | = kll6as| P+
™ T 2 2 2, 2, m dO
B0, wan) [+ 202 90) 5]+ ol 11612 — allg 1 — 1161 f|| P+ 216+
%l,_/ ——
k2 m m m
el = 5l = (e 2B+ 25 ) =5 )+
g
T m s
+ €l el 2 + Sluuatl 2 = 5 w2y, 8) + 024(0,8)) = b((@ = 5 )tat, but) + B(0ats (@ = 5 o))+
h i

b2 2
+ 63[p|’uﬂct|’2 - NHumHQ + *Hfbez + 7H0xH2] + 64[d0PHUJ»‘tH2 - /LHU:EW —b(¢, uz) + B0, uz)].
1% J2 ;v_/ \_\k,._/
j
Let us estimate the terms (f),(g), (h), (3), (j),(k),(l),(m) on the right hand side of the last

inequality

£ = (et T0) (00, ) < 2l + rm@* ")l

b -4
m m
0= ) < 2 2 g
T €10 b e
h=b((@ = 5 uats dar) < g =it + =5 el

Z:/B(6$t7(x_ $tH27

s €10 w2 €23
5)%75) < 8762"1%”2 +

. w b?
= b(¢,uz) < = ug|* + *W)Hz’

ﬂdo

k= B(6,u.) < Llluoll® + =216

L= 00 ) § < 0By (62, 0) + 6200,0) + gwit(m )+ (u2,(0,4))
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277252 2, ©UT o 2

< 9 b 0,t)) <
S x:&l?ﬂ) 2t = (1) + (ug (0, 1)) <
27]2ﬁ2

<o @llOalOlm) + 2 (e 0) + (16,(0,1))) <

4 4
05,12 + 2T (02, () + (a2, (0, 1)),

k
S7H03)HILI1_'_ ]{7 2.2 2 4

= nm(ba, ¢1)l5 <nm(; (62(m, 1) + 62(0,0)) + 6((¢f(7ﬂt) +¢7(0,1))) <

1
<nm(e sup 67+ - sup ¢7) <

z€(0,m) € 2€(0,m)
k 2 2,.,,2
<2 sup 02+ LT sup g7 <
ze(0,7) z€(0,m)
k 277 m2ecy
<gallballllballa + ————lodll|¢el [ a1 <
k kc? n2m2
<TI0 + Z 02 + T (GeullnllP + 5Nl Bn) <
k kc? 2ntmic?
<6l + Z 16213 + =25 onl P+ Il 3 <
k kc? T 277 mic?
<A MO + el P+ + 2L D g2+ Tl
So we have,
d T 2ntmic?
—FEO)<-|yr—=——5-—-J —
0 A s [ P
k ko 4nipted m2d b mp 32 32dy
o -1 2y v o v MPN2, o M . 2
vk =3 +et) =5 e 22 g pm(0+ , ) e 8T €a](|6 |l
w2e2 3 T b€l k2 kK’
~ ok = T2l = o — 5 = 6l = ok = St — § = S0P
b2eq fep  bey €4 b2e
—v7||gul® — [deo — 7]”%”2 - - ]II¢H2 = - T]Huxllz—
€ € €
[% e P ey pdoca) ] -
2
pmey  pe pes My
- 125 = Bl — 1552 = el (20)

We can choose €;,7 =0, ...,4 so that

- 1 n 2ntmic? n J
Ty k272 T 0

17233

k261’
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b2

gel > gGQ + pes + pdoey, (29)

€1 > —€g,
m

2mpu
30
pb €1, ( )

€3 >

k k 4n*pic? m2dy b mf. o 2 B2dy

By > (14 )+ = + + € + —(c + — )% + —e3 + —eu.
4( 1) 4 ku2m2e 13 pm( b ) 1 i

It is easy to see that (27) and (28) are satisfied if

22 < &

and (29) and (30) are satisfied if
b3 > 8um.
So by using Cauchy inequality for (25) and from (26) we conclude that there exists a positive

constant A\ such that p
—E(t) < =)\E(t).

That means
E(t) < E(0)e™ M.
So we have proved that the energy decays exponentially. (I
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